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For many years, the derivation of 

H = -/\-TrY}X l ,X J } 2 

> ■ i<3 

' (involving finitely many antihermitean traceless N x N matrices Xi 

N 2 -l 

o 

relativistically invariant surface dynamics^ in IR d+1 was available only in 
rather inconvenient forms (handwritten [1], too condensed [2], typeset^ 
by a local journal [3]). With the supersymmetric analogue of H, 
Oh! 

I #Susy = H - 1 + ifabcXjcllpOaaOpb , 

{0 aa ,0pb} = 5 a p5 ab , (7^7^ + 7VW = 2$*p$ jk , cf [4, 5], having be- 
come relevant for yet another reason [6], - and for the participants of 
a summer school on Schrodinger-operators, it seemed useful to give a 
detailed account of H (Section II) while adding various introductory 
remarks about surface motions, their relation with hydrodynamics [7], 
as well as diffeomorphism - and relativistic invariance (Section I). 

Section III concerns a rather particular, though quite important, 
question: does Hs nsy (whose spectrum is known to cover the whole 
positive axis, 1R + [8, 29]) admit a zero energy bound state, or not? 
Some work on this is summarized. 

Section IV (following [9], [10], [11]) discusses the space of solutions 
of the differential equations 

X a = £abcXbX c — 2X a 



M.e. H = ~q§- g§- + \ fibJ fab>l> x ib x jcXib>x 3 c> , for each N and d, be- 
ing an ordinary Schrodinger-operator on W. d ( N with a non-negative quar- 
tic potential, given in terms of totally antisymmetric sit(./V)-structure-constants 
fib] = -TrT a [T b ,T c }. 

2 as well as reduced Yang Mills theory 

3 with unfortunately many typos 
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for 3 traceless anti-hermiteam N x N matrices X a (t), t e (—00, +00), 
interpolating between different representations of su(2). 

Some excercises have been added, and a remark/conjecture concern- 
ing 5-commutators. 

I am very grateful to M. Ring and J. P. Solovej, as well as MaPhySto 
and IHES, for making possible this written version of 4 lectures pre- 
sented at Sandbjerg Castle during the summer school on 'Quantum 
Field Theory - from a Hamiltonian Point of View', August 2-9, 2000. 
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I 

Let me start with two relatively simple surface motions, 

x = n , (1) 

x — n (= 9x x xd 2 x) . (2) 

In both cases the surface is, for each time t, described in a parametric 
way (by giving x (t, (p 1 , (p 2 )), i.e. by viewing the surface ^ t C M 3 as 
the image of a (timedependent) map from some fixed manifold Yl(2) 
(specifying the topology; e.g. that of S 2 ) into M 3 . As long as J2t * s 
non-degenerate, every vector can be decomposed into it's components 

parallel to J^- and (tangent to resp. 

d x x xd 2 x 

n:= =z — (3) 

\d\ x x<9 2 x | 

(normal to Y2t)'i ® r x s ^ an ds for r = 1, 2, g denotes the determi- 
nant of the 2x2 matrix (g rs ) = (d r x -d s x). 

The evolution equation (1), though consisting of coupled non-linear 

PDE's for the 3 unknown functions x' l (t,(p 1 ,(f 2 ) is trivial, as n = 1 
implies n -n = and n -d r n= 0, hence 

x = n = (4) 
x (t, <p\ p 2 ) =x (0, <p\ p 2 )+t n (0, <p\ p 2 ) , 

as n has zero component in the direction of n, as well as parallel to 

J2t ( n d r x= — n d r x = — n d r n). 
What about (2)? 

Despite the r.h.s. being polynomial in the first derivatives (so, from 
this point of view, being 'simpler' than (1)) the (still non-linear) equa- 
tion (2) needs quite different techniques to be 'solved'. One possibility 
is to note that after interchanging dependent and independent vari- 
ables, t (as a function of x\) turns out to satisfy a linear! (and, in fact, 
the simplest possible 2 nd order) differential equation, 

At(x) = ; (5) 

so the time at which the surface passes a point x in space is a harmonic 
function (resp. Ylt l eve l se ^s of that harmonic function) [12, 13]. 

What if the normal velocity (= ^fg in (2)) is generalized to be an 
arbitrary (non-linear) function of y^?0 

4 To avoid (hopefully not cause) confusion: strictly speaking, ^fg always has to 
be divided by some reference-density p in order to make the evolution equation (2), 
resp. (6), well defined (see [13] for a full account of this). 
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As shown in [13], the evolution equations 

x* = a(y/g) n { , (6) 

for arbitrary monotonic function a, and the hypersurface motion tak- 
ing place in any Riemannian manifold N(i = 1 . . . M + 1 if x l = 
x l (t, (f 1 , . . . , <p M ), and g = det(d r x t d s x^i]ij(x), rjij = metric on Af) can 
always be converted to a second-order equation for t(x) (however, only 
in the case (2) this equation becomes linear). 

Furthermore, despite their appearance as first order equations (in 
the derivatives of the x % ) they can be viewed as coming from a class of 
diffeomorphism invariant Hamiltonians [13] [14]; 

H[x\ Pj ] = J d M Vv fg-h(p/^) (7) 



(j) = yJpiPjff^x)), restricted to C r := pid r x % , r = 1, . . . , M, (the 
generators of diffeomorphisms, which are constants of the motion) set 
equal to zero! 

Returning now to flat embedding space and M = 2 (2-surfaces mov- 
ing in IR 3 ) for simplicity, let me ask the following question: Does there 
exist a function h (corresponding to the freedom of choosing a in (6)) 
such that the corresponding surface motions are relativistically invari- 
ant, i.e. for which H can be complemented by 9 other functionals of x 
and P, altogether generating the inhomogeneous Poincare-group? 

The answer is 'Yes': for h(u) = \Ju 2 + 1, i.e. 

H= I d 2 V \jp 2 +g (8) 

one not only has 

:= / d 2 (p(xiPj - XjPi) , P:= / d 2 (p P (9) 

^E(2) ^E(2) 

(generating rotations, and spatial translations), but also the generators 
of 'boosts', 



K t := I d' 2 VXi \/p 2 +g . (10) 



Restricting to C r :=P -d r x— then gives \J P +g = p = time- 
independent density, and - using this - 

x = ± v / l-g/p 2 n . (11) 

2-dimensional surfaces moving according to (11) not only correspond 
to 'relativistically invariant' motions, but have the more specific prop- 
erty that they actually sweep out a 3-dimensional manifold M. in 
Minkowski-space, which has vanishing mean curvature (see e.g. [15], 
and below). 
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- In any case, comparing (8), (9), (10) with the corresponding ex- 
pressions for a (finite-dimensional) system of N free (!) relativistic 
particles 



N pi 

H = V Pa +ml , P = J2 P * 



a=l 



one finds exact correspondance (a = ip 1 , if 2 ) when replacing the position- 
independent masses m a , a = 1, . . . , N, by the position-dependent den- 



sity y g[x (ip)]. While it was proved decades ago [16] that, given certain 
physical requirements concerning the realization of the 10 generators, 
any set deviating from (12), but still satisfying the same commutation 
relations, can, by a sequence of canonical transformations, be brought 
into the form (12) (so in particular, it is, for finite N not! possible 
to allow for re-dependent masses m a ) it should be noted that the way 
(9)-(10) circumvents the just mentioned No-Interaction theorem for 
finitely many degrees of freedom, is quite interesting. 

Another notable aspect is the possibility to abandon the parametric 
description at this point and describe the surface motion, in Hamilton- 
ian form, purely in terms of differeomorphism invariant objects. For- 
mally one gets, as a reduced phase-space, the space of shapes J2 (as 
the configuration manifold) together with functions on (elements 
of the cotangentspace at ^2) as 'momenta'. In this formulation, the 
generators of the Poincare-group read [17] 



H[E,w] = / Vu 2 + 1 , P = I nu 

= / (xiiij — Xjiii) u , Ki — XiV u 2 + 1 . (13) 

Jz Jz 

Amazingly, the Poisson structure is the canonical one, meaning that 
the equations of motion are 

£ = — = , u = -— = -Vu 2 + 1 H 14 

i.e. (as ^2, the time-derivative of J2> can be identified with the normal 
velocity, v) 



v = -(1 - v 2 ) H ■ 



(15) 
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here H denotes the mean curvature of Yl (which in a parametric 
description equals — g rs n -d 2 s x)f\ 

Writing (15) as ( , 1 _J 2 p /2 + ^_^ 2 y /2 = one finds that the 3-manifold 
M.z swept out in space-time by a surface moving according to (15) will 
actually have vanishing mean 3-curvature H 3 (the spatial part, propor- 
tional to H, is cancelled by the curvature of the wordline of the point 
on J^; the 4-dimensional hypersurface-normal is, up to orientation, 

Conventionally, the problem of finding such 3-manifolds is for- 
mulated as considering (in a Diff A^-invariant, parametric, way) 

S[x") = Vol (M 3 ) = J d 3 cpVG 

G = ^ (^^^)^=0,l,2 ( 16 ) 

(rj^) = diag (1,-1,-1,-1) , 

a functional of the embedding functions x^(ip°, if 1 , tp 2 ) (describing .M3), 
whose first variation (= 0) gives the equations of motions 



-= d a VG G^dpx" = . (17) 
VG 

For a direct derivation of (8), resp. (11), from (16), resp. (17), see e.g. 
[15]. 

Alternatively, (16) could have been motivated as follows: in order 
to describe a relativistically invariant motion of an extended object 
(a surface, in this case), the only chance is to consider the manifold 
Ai swept out in space-time, and demand some extremality-property 
of Ai; considering the Volume-functional is singled out by the fact 
that, depending only on the first derivatives of the equations of 
motion, (17), are then of second order (other diffeomorphism-invariant 
functionals like the total curvature of Ai, . . . , would involve second 
or higher order derivatives of the x M , hence leading to higher order 
equations of motion). 



5 For the reader familiar with the fact that the first variation of the area- 
functional gives H, the second part of (14) may become intuitively clear, when 
first dropping the argument yju 2 + 1 in M (and (14)). 
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Perhaps a third connecting path is worth mentioning: a Lagrangian 
formulation of (13) would give 

s = Jdt(J vu-J v^TT) 

= - [ dt [ ( - 1 = VT^ 2 = Vi-t 2 ) (is) 

= 5[E,S] . 

Now, describing = ^2(t) as the set of points (t,x), where some 
functions m(t, x) = m{x^) vanishes, (18) becomes 



S = - J d 4 x(S(m(t, x)) \ \J m 




m 2 



Vm 



-/^ Wv C^ = SM , (19) 



with equations of motion 5(m)d u ( , dl " m ) = 0, respectively 

V dp m 9 p m / 

(r]^r] px - r^ri vX )d li md v ma^ x m = , (20) 

together with m(t, x) = 0; meaning that first solving (20) and then 
solving for M. := {(t, x) \m(t, x) = 0} will yield a 3-manifold with 
everywhere vanishing mean curvature. To understand why the factors 

of | Vm I have to enter in (S(m)\ Vm I) an d (v 2 = t^ts) precisely as 
indicated, making both expressions, hence (20), invariant under m — > 
F(m), one should note that if m — describes M., functions of m, like 
F(m) = rn? would yield the same M. Furthermore note that m(t, x) = 
const. (7^ 0), with m solving (20) also yields an extremal 3-manifold. 
Locally, Minkowski-space is therefore foliated into 3 manifolds, each 
with vanishing mean curvature, with m being the parameter orthogonal 
to the extremal 3-manifolds. In physics, the direct correspondance of 
(20) and (17) was established by Sugamoto [18] and in [19] (see also 
[20], in particular concerning the factor S(m)). 

3 

An Example: Making the Ansatz m(t, x) = J^m M (x M ), resp. rh = 

3 3 

F(m) = lnm = ^^lnm M = ^^m M (x M ), one can derive [15] that 
o o 

M := {(t, x) | V(x)V(y)V(t) = V(z)} , (21) 

where V(u) is an elliptic Weierstrass-function satisfying V 2 = AV(V 2 — 
1), defines a periodic M. with vanishing mean curvature. Viewed as time 
evolutions of 2-surfaces, (21) corresponds to (at t — 0, ±lu, ±2u, . . . ) 
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infinitely many parallel planes, at distance uo apart from each other, 
breaking up into little squares of size w x w that grow one scalactite 
and one scalagmite in the direction perpendicular to the original planes 
meeting eventually, at times t = ±t£, ±^t, ... at the center of each 'box' 
of size us x uj x oj. 

Note [19]: 

Just choosing ip a = x a in (16), leaving x 3 = z(x°, x 1 , x 2 ) to be deter- 
mined, yields the same equation than writing 

m = m(x°, x 1 , x 2 , z(x°, x 1 , x 2 )) in (20); choosing ip° = x = r, ip r = 
x r in (16), resp. writing (t + \ p(r, x 1 , x 2 ), x 1 , x 2 , r — |) in (20) both 
yields a second order equation for p, which in first order from (defining 
q = (2p+ (Vp) 2 ) _ 2) becomes 

q+V (qVp) = 

p = \ (^-(vp) 2 ) , 

the continuity, and Euler-equation for an inviscid, isentropic irrota- 
tional gas, with density q, velocity potential p, and equation of state 
(Karman-Tsien gas) Pressure = De ~ s ^ tiy ■ 

This relation between relativistic membrane motions and 2 + 1- 
dimensional hydrodynamics, (22), was first derived in [7], and extended 
to a supersymmetric membrane/fluid in [21]. 



(22) 



While it is quite interesting to have all these different formulations 
(revealing different aspects of one and the same problem, - hopefully 
leading, one day, to some hidden integrability structure) none of them 
could, up to now, be quantized. The best route to quantisation, known 
so far, is the one found 20 years ago (cp. [1], resp. [22]) to be discussed 
after the following 
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Excercise 1) 

Choose, in (17), (p° = x °+ xS = : r, and assume (y? 1 , if 2 ) to be chosen 
such that 

G or = d r ( — xd r x = 0, where x= (rr 1 ,^ 2 ), ■ = andrr — x 3 =: 

Verify that \/G = ^fg \j 2C, — x and show that, as a conse- 
quence of (17), i.e. Ax* 1 = 0, 

a) p := i^.i is independent of r (hint: A (a; + x 3 ) = 0) 

V 2C-x 

b) x = i <9 r ^ <9 S x= ^{{^,^},^} (defining {f,g} := 
± e rs d r fd s g). 

Prove that a) and b), together with G or = 0, automatically imply 
the "remaining" equation A( = 0! (So that ( = x° — x 3 , up to a 

constant, and provided e rs d r xd s x= 0, can simply be thought of as 
being determined, via G or = 0, in terms of x l and x 2 , satisfying b).) 

Excercise 2) Consider now the case d = 2 (4— dimensional Minkowski- 

space) 

a) Show that the equations of motion lb can be written as 



Xi = pi, Pi= {{xi,x 2 }x 2 } 

x 2 = P2, P 2 = {{x 2 ,x 1 },x 1 }, where 

{f,g} ■= - e rs d r fd s9 

b) Changing independent variables from t(= Lp ),^ 1 ,^ 2 to x° := 

t, x x ,x 2 show that {/, x r } = —J G rs J^-, where J(x) and f(x) are 
{xi,x 2 } resp. /(</?) when expressed in the new variables. Verify that 

the constraint G rs d r x d s x therefore becomes the condition d Xl p 2 — 

d X2 Pi — 0, which can easily be solved: V=XJ p(x) 
a 

dtp 

as well as using d vo = d xo + V • y) to obtain the continuity equation 

9 + v(?vri = o 

for the 'velocity-potential' p and the 'density' q := j 

d) Convert the equations involving P r (cp. 2a) into 'Euler's equation', 



c) Calculate ^u{xi,x 2 } in 2 different ways (via {pi,x 2 } + {xi,p 2 } : 



1 , 1 



2 q 
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for an irrotational, inviscid, isentropic gas whose presure is dcnsity . 

e) Choosing the constant c to be zero, verify that the equations ob- 
tained (cp. 2c, d) are the ones that follow from H — \ J d 2 x(q('\/ p) 2 + ^) 
when q and p are treated as (hence ARE) canonically conjugate. 
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II 

Consider the theory of a time-dependent M— dimensional extended 
object Sjvr {t) in D — d + 2 dimensional Minkowski-space, defined by 
requiring the Volume-functional 

Six"]: = - J dip°d M ipVG = -Vol(M) (23) 
G = (-) M det(— d ^v^) a ,p=o,i,...,M 

to be stationary under small variations of the embedding —functions 
x^(ip°, y? 1 , . . . , (f M ), fM = 0, 1, . . . , d + 1 (describing the M + 1 dimen- 
sional world volume .M ) . (^3|) is invariant under diffemorphisms (p a — > 
(p a ((pP), and inhomogeneous Lorentztransformations 



^ _ ^ = + d M AJA^ = ^ v = diag(l, -1, . . . , -1). 
Choosing 



,y.O _J_ ^tZ+l 

</r = =: r 



(24) 



while denoting x — x + by £, differentiation with respect to r by -, 

(x 1 , . . . ,x d ) by x, and C7 0r = d r (— x d r x by u r , the metric (induced 
from K. 1,<i+1 ) on Ai reads 



( - \ 

2( — x u\ . . . um 



(G 



a/3) 



Ml 



\ mm 



-flV 



(25) 



hence 



with 



G = g(2 ( - x +u r u s g rs ) =: g ■ T 



(26) 



g = det(g rs ) r , s=1 ...M,g rs g S u = 5 r u . 
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So 



S = S[x, C] = J drd M ifC 



C = -^gW (27) 

can be thought of as the action, resp. Lagrange density, of an ordinary 
field theory involving the d + 1 fields x 1 , . . . , x d , (. Defining canonical 
momenta, 

P: = — = \fg/T{x +d r x u s g rs ) 
5 x 

tt: = *£- = -y/j/T (28) 
H 

the Hamiltonian density reads 



tl : = n( + p- i +y/<jvr 

. 2 

= y^/f{T+x +xd r xu s g rs -(} (29) 

= Vg/r{( +d r (u s g rs }. 

Instead of now trying to eliminate the velocities in favour of the 
momenta, simply note that (|29"D is the same as 



^2 

P +Q 

H = (30) 



(= l/2^/f{(x +d r x u,g"f + T} = . . . = ©). 

As 7f does not contain ( (!), the classical equation of motion 7r= 
— ^p- = imply that 7r is a constant (density), 

TT = -7] P {<p), J d M M?) = 1, (31) 

so that the Hamiltonian 

^2 

#(-) = fn = — [ d M /—^- (32) 

becomes polynomial in the dynamical fields (x and P)- which is the 
crucial difference to all the Hamiltonian formulations mentioned in sec- 
tion I (they all contain square- roots). But what has happened to £?! 
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(After all, as it is part of the description of the manifold Ai, it can't 
just disappear altogether). The point is that actually the transition to 
( p2|) is not quite as straightforward as pretended, due to the presence 
of the constraints Q (reflecting the remaining time-dependent spatial 
reparametrisation invariance after the partial gauge-fixing (|24|)) 

$ r := 7rd r (+ P d r x= (33) 
r = 1,... ,M; 

(so strictly speaking (j32|) is only defined up to terms J d M ipu r $ r ; putting 
them to zero, as done in ([32]), amounts to the further gange choice 
Gor = u r = (cp. the excercise at the end of the section I) - which ex- 
plains the further reduction of the invariance group to volume-preserving 
Diffeomorphisms of YIm ^ n (HP - O n ^ ne other hand, (|33|) precisely re- 
solves the puzzle of the missing ( as, given (|31~D, it allows to determine 
( (up to a constant which is canonically conjugate to rf) in terms of the 
dynamical fields long as the integrability conditions 



®rs := d r (p / p )d s x -d s (p / p )d r x= (34) 

hold (-which are consistent with fl32|), as the <3> rs are the generators 
of the above mentioned symmetry group SDiffJ^M °f (HI))- Finally 
noting that is generating translations in r (just as P:= f P gen- 
erates translations in x, and P + := — J ird M ip = rj in x° — x 3 ), one sees 
that the relativistically invariant 

M 2 := P^Pf, = 2P+P-- p 2 
takes the simple form 

d M m -^2 ^2 

W) iP +9h p (35) 

which may be rewritten in the following ways: 
first of all, 

g = ^ {^ii? Xi 2 , . . . , Xi M } , (36) 

ii<i2<---<iM 

where the multilinear bracket is defined, for any set of M differentiate 
functions on ^2 M , as 

{ Xil , . . . ,x iM } := - G ri - r « |^ . . . |^ . (37) 



6 just insert @, to verify @ 
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Secondly, expanding the fields Xi(t, ip 1 , . . . , ip M ) and their conjugate 
momenta Pi = ppi a Y a in terms of basis- functions Y a , a = 0, 1, . . . , on 
Sm'J d M tppY a Yp = 8 aj3 , (|5D becomes 

M = PiaPia 4" ~~j^9aai...ani9aPi.../3 M %iiai...%i M a M %iif3i...%i M (3 M j (38) 

where the 'structure-constants' 



9a ai ...a M ■= J d M LppY a {Y ai , ... , Y aM } (39) 

encode all the information about the fact that one is dealing with a cer- 
tain M— dimensional object (a sphere S M or a torus T M , or . . . ); the 
sum over a, (3 is defined to run only from 1 to oo (rather than to oo; 

^2 

due to the P subtraction, and {.,... , .} containing only derivatives, 
all zeromodes drop out). The potential M 2 — PiaPia is a homogeneous 
polynomial of degree 2M, with the notable property that in each term, 
each coordinate appears at most quadratically. While for M > 2 the 
question of how to quantize ( j3"8"D is mostly open (see [23]), let us come 
back to the original case of interest, to membranes; we then have (drop- 
ping the factor ^- in fl3"2|), resp. not making any notational distinction 

between and M 2 , 

H = PiaPia + ~g a l3'yga,/3''Y'Zil3 x j'y x il3'Xjy' (40) 

with 



f J2 f dY p dY 1 dY^dYp. 

^W E /^ ( w~ w } (41) 

being structure constants (in the basis corresponding to the Y a ) of the 
infinite-dimensional Lie algebra sdif f X42) °^ divergence-free vector- 
fields (resp. functions, modulo constants) on the space YI2 (parametriz- 
ing the surface). (f40"|) has to be supplemented by the constraints (a = 
1,2,...) 



9a/3 7 X j0 p^ = . (42) 

SO(d + 1, 1) - invariance of this (classical) theory was proven by 
Goldstone [24]. 

Formally, one could now try to define a 'quantum theory of rela- 
tivistic surfaces' by putting 'hats' on all x's and p's, and demanding 
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canonical commutation relations, 

representing pta by —%h 75-^—, one would thus arive at an (a priori 
ill-defined) infinite-dimensional Schrodinger operator 

Fortunately, there exists a (symmetry maximally preserving) regulation 
procedure f\ amounting to the following 
Theorem: 

For each there exists a basis {Y a }^ = i of sdiff^2 2 , and a basis 
{Ti^j^r 1 of su{N) such that 

lim Tr{- [Tf> T^}T^) = g abc V a , 6 , c . (43) 

•* abc 

One could therefore consider the class of SU(N) invariant matrix 
models (X { := x ia T { a N) ) 

d N 2 -l 

H * := J2Y1 PiaPia + 2 tibJ fivl X ib X jcXib'Xjc> (44) 
i=l a=l 

as approximating (|40D , with 

/JSw* = (45) 

replacing (|42|) . These finite-dimensional models can be quantized with- 
out any problem, thus arriving at ([1]) 

H N = -A (N) - Tr Y^[Xi, X 3 f , (46) 

i<j 

N — > 00, as a quantized discrete analogue of a relativistic membrane 
theory in E 1,d+1 . 

Hn commutes with the operators 

a = 1 ... N 2 - 1 

while [K a N \ ^& ] = if^Kc , it is therefore consistent to restict to 
square- integrable warefunctions *jj(xj a ) that are annihilated by (pETD^f 1 , 

7 originally discovered in the case of a 2-sphere [1], 10 years later realized for 
T 2 [25], conjectured to hold for higher genus surfaces [26], and finally proven, for 
general Kahler manifolds, in [27]. 
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and because of fl45|) , this is the physical Hilbert-space to be considered. 

Let me now prove (^) for S 2 and T 2 : In the case of the 2-sphere 
the basis of su(N) is obtained by considering the usual spherical har- 
monics {Y[ m (9, ip)i m } i=i...oc writing them as harmonic homogeneous 

771= — /...+/ 

polynominals in X\ = r sin 9 cos if, £2 = r sin 8 sin if ,x^ = rcosip (re- 

-^2 

stricted to r 2 =x =1): 

Y lm (8, f) = J2 ^ia l ^...,x ai \^ =l (48) 

(where the tensor c . . . is by definition traceless and totally symmetric) 
and then replacing the commuting varibles x a by generators X a of the 
iV— dimensional irreducible (spin s = representation of su(2), to 
obtain N 2 — lNxN matrices defined by [1] 

/ = 1 ... iV 2 - 1 
m = —I, ... ,+l 
instead of having X\ + X\ + X 2 = Ar2 ~ 1 II , which makes the explicit 
proof of ( f43"|) quite involved, it is easier to choose X = 1 , i.e. 

2i 

[X a ,X b ] = — === e abc X c (50) 

and 



N 2 - 1 

im = -»y — |— . 

As the Poisson-bracket {, } on S* 2 can be thought of as coming from 

{f(x),g(x)} R3 :=e abc d a fd b g x c , (51) 
{Yi m ,Y Vm ,} can be computed from {r l Y lm , r z % m/ } K 3 

E(m) ("»')/ 1 
c ai...a ; C b!...6;/ l^ai ■ ' ■ x ai,%b 1 ■ ■ ■ X b[/ j-]R3 

by using the derivation proporty of {-,-}, and 

{x a ,Xfc} =G a f, c x c , (52) 

as well as then decomposing the resulting polynomial of degree l + l' — l 
into harmonic homogeneous ones. Calculating 

2 

[T^\T^\ = £ eg,, c^, [X ai ...X„ ; X,... X bl ] , (53) 
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the first step is identical to the above, while any further use of the 
commutation-relations (|50|) , - necessary to obtain the desired trace- 
less totally symmetric tensors -, introduces factors of ^ /jV 1 2 _ 1 ; hence the 

agreement of f^J and g abc to leading order in N. Concrete expressions 



for the matrix elements of the T lm in terms of hypergeometric func- 
tions, and related discrete orthogonal polynomials, are given in [28]. 
For the 2-torus, things are even easier. Taking := — e l ^ mxtpi+m2V2 > 

JO o m 

me Z 2 , the relevant basis of su(N), N odd, is given by (cp 



[mi, m 2 
[25]) 



where 

co = 



T (N) 



iN 
4vrM 



^2 m l™2 g m l ffl2 



e N 

( 1 



Vo 



(54) 
(55) 



CO 



co 



CO 



N-l 



J 



/0 1 



V i 



\ 

i 

0/ 



and M e N having no common divisor with N. Using the basic relation 
h ■ g — cog ■ h it is very easy to verify that 

[TL N \T^] = J!L sin (^ (m x n)) T k N L . (56) 



2lxM ' ^ N - " rn+n 

The trigonometric structure constants (of g£(n, C) in the basis 
1 A 1 ' - -l) ) indeed converge (for N — > oo, M fixed) to 



m,2- 



(N-l) 
2 ' 



(N- 



m jv n 

L m J m i 

m x n= m\n 2 — m 2 ni, i.e. those of sdiffT 2 in the basis {—e imip } 
To demonstrate the subtleness of this (non-inductive) limit note that if 



M = M(N) is chosen such that lim 

N^oo 



M(N) 
N 



A G [0, -), one obtains 



infinite dimensional Lie-Algebras L\ with commutation-relations 

1 



L m ' n J 



2ttA 



sin (27rA(m x n)) T- , - 



which for irrational A are all non-isomorphic (see e.g. [39]) and (up 
to T-^) simple (for rational A, L^ =p / q contains a large ideal I of finite 
codimension, with La/ j = g£(N,C)). 
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Excercise 3: (cp. [22], [28]) 

Assuming that the like the Y em , transform as spherical tensors, 

leading to orthogonality relations 

T r T im T Vm > = 5u> b mm i r 2 N (£) , 

calculate r N (£) (from (49)/(50)) by using that 



: ,2£+l (2£)\ t 
r* Y a = (-Y\l d ^ip^ {xi + ix 2 ) e , 



i.e. 

2 21+1 (2£)\ N 2 -l 



rW) = -^^2—^Tr((X 1 + iX 2 Y(X 1 -iX 2 )<) 

(N + £)\ 



iQn(N-£-i)\ (n 2 - ly- 1 

(in quite a few "fuzzy-sphere-articles" this non-trivial ^-dependence has 
been forgotten). 

Excercise 4: (cp. [43]) 

In terms of hermitian N x N matrices Xj, the classical equations of 
motion corresponding to (44) / (45) are 

d 

X i = X j\, X j] 
d 

Verify the following types of solutions: 
A) 

Xi(t) = x(t)r ij (t)M j 

= x(t) (cos </?(£)• M, smip(t)- M, 0. . .0) 



with 



and 
I) 



1 . o ^ 4 1 2 • r 

-x H — x H - = const x <p = L , 

2 A 2 x 2 

d 

[[M a ,M b },M b } = XM a (*) 

a=l 



[M a , M 6 ] = / afec M c , f abc f cba , = -A / a 
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M V2V 2 ' 2i ' 2 ' % • 
(g and ft, as in (55)). 
Ill) 

7rM 

M 1 = — — (T k £ + T_ fc _<? + + T k -i) 

-7rM 

= jy (T ke — T_ k _i — T_ kt + T k _ e ) 
-ixM 

^3 = jy (T ke — T_ k _i + T_ kt — T k _ e ) 
— 7rM 

M 4 = . (Th + T_ fe _^ — T_ fe f — T fe _^) 
il\ 

{T M as in (54)). 
with 

E 1= ^f(T- +T ,-i(T- -T^),0...0) 

j/V mi —mi' v mi -mi' 1 7 

£ = ^-^(0, 0, -T-),0... 



■• / n , • 2 /2vrM - - A 2 

" a (t) = -Ar a 2_^ sin I (m a x m^) I 
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III 

Let me now turn to the supersymmetric extension [4, 5] of the bosonic 
matrix model (44) which, following [6], has been intensively studied 
over the past few years, as a candidate for 'M-theory' f\ 

Hsusy = PtAPtA + - f ABC f AB'C QsBQtC QsB' QtC + HtC f ABClap® aA® /3B , 

(1) 

a, (3 = 1, ... , Sd(= 2, 4, 8 or 16); /abc — structure constants of SU (N) 
(real, antisymmetric), 

7 S 7* + 7*7 S — 25 st l Sd xs d , Y real, symmetric; 

the dynamical degrees of freedom satisfy canonical ( ant i) commutation 
relations, 

[qtA,PsB] = i5 AB 5 ts {@ q a,@/3b} = 5 aj3 5 AB . (2) 

Hsusy commutes with the generators of SU(N), Spin(d) and super- 
symmetry, 

J A = fABcilsBPsC ~ g *©aB@«c) 

Jst = QsAPtA ~ QtAPsA ~ 2 i ®cxAlap®pA (3) 
Qp = (PtAlpa + 2" fABCqsBqtClpa)®aA 

while 

{Qp, Q(3> } = $W'H + 2^,q tA J A , (4) 

and all states \I/ are required to be S'?7(A r )-invariant, J A ^/ = (so 
that, on the physical Hilbert space H, H Susy is twice the square of each 
Q;). 

In verifying (4), d = 2, 3, 5 and 9 are singled out when calculating the 
mixed (pqq) terms, which yield (only) the fermionic (last term) part of 
(1) and the 'weakly zero '-part (proportional to the J A ) in (4) provided 

laP^'P + + 7a/3'7a'/3 + 7^5? = ~ VtL') ( 5 ) 

- which (setting e.g. (3 = f3' and summing) implies 

s rf = 2(d-l); (6) 

together with the reality condition on the j's (to have Hs usy and Qp 
hermitean) these hold only when d = 2, 3, 5 or 9. 

The spectrum of Hgusy > is known to cover the whole positive 
axis M + [8,29] and it is conjectured that for d = 9 there exists a unique 
normalizable state for each N, while not for all other cases (d = 2, 3, 5). 

*Sorry for the change of notation; su(N) indices are now denoted by: A, B,C = 
1, . . . , TV 2 — 1, transverse space-time indices by s,t = 1, . . . , d(= 2, 3, 5 or 9). 
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For N = 2, the latter was proven in [30] and for d = 9 the precise form 
of a (unique) asymptotic solution was derived in [31,32]. Writing [32] 

QtA = re A E t + y tA (7) 

for configurations with almost vanishing potential energy (V = for 
ytA = 0; E t E t = 1 = e A e A ,r — > oo) the asymptotic wavefunction takes 
the form 

^^ r -« e -V/2 \ F -L)\ F \ I) ( 8 ) 

with k = 0, —1, 6 for d = 3, 5, 9 (respectively), y 2 = ytAVtA, 1-^") only 
involving Q a A^A and E s , and IF- 1 ) involving all other fermionic degrees 
of freedom (and E s ). 

For d — 9, r 4 e _n/ /^i* 1 - 1 ) corresponds to the ground state of a system 
of 16 supersymmetric harmonic oscillators, and 

\F\\) = {E s E t -\5 s t)\U-st) , (9) 
y 

where |44; st) is the only spin(9) representation in the 256-dimensional 
fermionic Hilbert-space H\\{= 44 © 84 © 128, arising from the 16- 

dimensional spinor OH := e^O^) that can be contracted with a bosonic 
spin(9) representation (made out of the E's) to form a spin (9)-singlet. 

For N > 2, the asymptotic wavefunction, in accordance with (8), is 
speculated to factorize into the ground state of a system of supersym- 
metric harmonic oscillators, times a supersymmetric spin 9 (and Weyl!- 
) invariant wavefunction, \l/ c , involving only the Cartan-subalgebra de- 
grees of freedom, Q a k and q s k (k — 1, 2, . . . , N— 1), and annihilated by 
effective (free) supercharges 

Q/3 := -i J- IpAk ■ (10) 

Unlike the N = 2 case, where r" 9 |FH) ~ d s d t (^)\U; st) was the only 
spin(9) invariant wavefunction^, there are abundantly many harmonic 
wavefunctions, 

Yl r-^ N -^- s ^UVu---^N-i)\S x R;m) (11) 

e,S,R,m 

for N > 3 [36,37]; S and R label the irreducible representations of 
the permutation group Sn (= the Weyl group of SU(N)) and spin(9), 

SxR 

^ £m is a harmonic (homogenuous of degree £) polynomial in the 
d(N — 1) bosonic variables q t k, \S x R; m), m = 1 . . . dim (SxR), is 
a corresponding SxR representation made out of the fermions, and 
r -2(.-(N-i)d+2 j g ( un iq Ue ) power making a decaying harmonic 

8 in order to explicitely check that it is supersymmetric one may use that 
6q|44;s£) = +laf)\sl3), which leads to a fermionic [us] resp. [ut] anti- 

symmetry, giving indeed zero, when contracted with d s dtd u (■i r ) [35]. 
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function. The (non-trivial) question then is: which of the wavefunc- 
tions (11) is annihilated by (10)? 

For N = 3, the answer was guessed in [37] and proven in [38]: 

*«= (n^(^ i6 i ixi ))- ( i2 ) 

Assuming that also for higher odd N the fermionic Hilbertspace will 
contain a unique Weyl- and spin(9) invariant state, one would guess 
that 

* c = ^nQ^r-^-^llxlM (13) 

for odd N > 3 (but note that even for N = 3 the proof that (12) is 
non-vanishing does, a priori^, not exclude the existence of other non- 
zero, invariant, wavef unctions, annihilated by all Q a ). 

What about the exact form of the full (non-asymptotic) wavefunc- 
tion? If one wants to represent the fermionic degrees of freedom by 
creation and annihilation operators, e.g. by defining 

KA ■= (@aA + s d ,A) 

(where now a takes only half a many values as before!) explicit Spin(d) 
invariance is lost, respectively nonlinearly realized [5]; some of the gen- 
erators J s t will not resprect the degree of homogeneity (mix the various 
components) of 

V[r = <0 + ljj aA X aA + - 1p a A/3B^aA^f3B + • • • + ~Tj lf J a l A 1 ,...,a A A A ^a 1 A 2 ■ ■ ■ ^a A A A 

(15) 

On the other hand, taking linear combinations of the Herimitan super- 
charges to form half as many nilpotent ones (on 7i) , and their Hermitian 
conjugates, the resulting supersymmetry algebra [5] 

{Qa,Qp} ~ <W# 

{Q a ,Q?} ~ o « {QlQ\} (16) 

will imply very simple properties, 

(M-A) 2 = 0, {D-X) 2 = 0, {M ■ X,D ■ d\} ~ (17) 



9 the possibility that the uniqueness of a normalizable zero energy state of the 
full problem could correspond to the uniqueness of an invariant wavefunction at oo, 
(supersymmetric with respect to a free supercharge) adds to the hope to eventually 
find a simple reason for the (generally assumed) existence of the zero energy state. 
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when writing [33] 

Qp = M^Ka + D^-^- = MA + DA = M-\ + D-d x 

OA a A 

Ql = M^d XaA + D^X aA = M^d\ + &X . (is) 
The differential equations obtained componentwise from = 0, 

= o, 

D a2k ip ai ,...,a 2k = (2k - 1) M^Vw..,,^] (19) 
K k ^,...,a 2k = {2k-l)D [ai i,l_ a2k _ iV (20) 
were first (recursively) solved [33] in the form 

1* = xg + xS? (21) 

= ^£ ) +^r ) (22) 

where '/i' indicates the general solution of the corresponding homoge- 
nous equation, and 'in' a particular solution of the inhomogeneous 
equation (given in [33]). 

This procedure of solving Qty = or Q*ty = can be written more 
elegantly by defining [34] 

A := P ■ X D ] -X , B:=I ■ d x D ■ d\ (23) 

where l aA is chosen such that 

{M-X,I-d x } = -l . (24) 

Formally, all solutions of — 0, respectively Qx = 0, are of the 
form 

* = (1 - A)- 1 ^ , respectively x = (1 - ^"V 1 (25) 

with 

(M f 9 A )^ w = , (M ■ X) X [h] = (26) 

(as if = 0, let # w := \1> - Aty and verify that Mt<9 A ^ + + 
/UM^aDU^ = 0), while it is also not difficult to show that each * 
of the form (27) does solve = 0, respectively Qx = 0: 

Q(l - B)- l x^ = (1 - B)-^] 

+ (1 -B)- 1 ^- A + D-<9 A ,/-<9 A D- 

• <9 A (1 - B)- 1 g x W (27) 

= (1 -S)" 1 ^^! -B) 

+ {M- A, d A {M- A, 

+ D • d x B) (1 - B)- 1 x [h] « . (28) 
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Excercise 5: (cp. [40], [41]) 

Calculate {Qp,Qp>} when adding 

3 9 
i=l ^=4 

to the r.h.s. of Qp in (3). 

In particular, verify that the anticommutator of the above terms with 
the derivative part in the supercharges yields 

m 3 (-i(q iA VjA> ~ QjA V iA ))(7 123 7 W W 
+ m 6 (-i(q^ A V V A - g^A V M ))(7 123 7^)/3/3' 

+ 2 i ^Q a/A {(-6m 3 + 12m 6 )5^ 1 1 a 2 a 3 ' 

+ (-m 3 + 6m 6 )( 7 123 7 iJ )^7^ 
+ (3m 3 + 2m 6 )( 7 123 7^W7^} 

(use that the {(3 <-> /?') symmetric, [a <-> a'] antisymmetric, part of 
Yp'a'il 123 Y)/3a, resp. 7^, Q , (7 123 7 M )/3 Q , can only contain terms propor- 
tional to the ones written above inside the curly bracket); recalling that 
the coefficient of ©7"0 in the generators of Spin (3), resp. Spin (6), 
should be |, relative to q. V. — q. V. (cp. (3)), deduce that if (and only 
if) rriQ is equal to — | m 3 , the above expression, apart from contributing 
to the Hamiltonian (a term — ^pi©7 123 ©), can be written solely in 
terms of symmetry-generators 

(m 3 J,(7 123 7^)^-^^(7 123 7-)^) • 

The derivative-free extra contributions to (4) are all proportional to 
5/3/3', adding to the potential in (1) 

2 m 3 

m 3 q%A q%A + — q^A q/iA + ~m 3 j abc tijk qiA qjB que 
= Tr l^X»X» + (m 3 X 3 -ie jM X k X e ) 2 

+ ^TrlX^X^X^Xk}; 
here, X. = iq.A T A - 



Excercise 6: (cp. [34], [42]) 

Let A a and A£ = t^- (a = 1, . . . , A) be fermionic creation, resp. 
annihilation-operators; i.e. {A a , \ b } = = j^-, ^ j, |A a , ^ j = 5 ab , 
^f- | 0) = (for all a, and b). 
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Define [34] 



* :_ E(-r m!( Al aA m)! A ^ • • • • ' X «™ dx aA ■ ■ ■ d Xam+l . 

m=0 v ' 

Show that on the p-fermion-sector, i.e. on states \^ p ) = ^ ai ... ap X ai ■ 
■■■■ K p |0), one has 

A a *|^ P ) = (-) A - p+1 *5 A J^), 

as well as * 2 \^ p ) = (— ) p ( A ~ p ^ +A \ty p ); thus, (note the sign-errors in 
equations (17)- (19) of [34]) 

d d 

H a b K * = *H a b A a ' 



d\ b ao a d\ b 

(F ab \ a \ b + G ab d Xa d Xb ) * = - * (F ab \ a \ b + G ab d Xa d Xb ) . 
For the SU (N)-mvanant matrix- models (1) 

F a A,/3B = $af3 f ABE {ld—l,E + i QcI,e) 

G a A,f3B = -F*A,f3B 
HaA,f3B = H a A,/3B(qjE) j=l,... ,d-2 ■ 

Therefore, if one defines qdE '■= —QdE, Qsi=d,E = QsE, H will commute 
with the joint action of * and^, hence H(*ty(q)) = if H^(q) = 0. 
For d = 2 and even N this means (cp. [42]; there, * is taken to be the 
Hodge-operator - which corresponds to taking (— ) m ( A_m ) ; instead of 
(— ) m , in the above definition of *) that the corresponding index (of 
H) trivially vanishes, as for odd A *ty(q) will be fermionic if ^(q) is 
bosonic (and vice versa). 
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IV 

Consider 3 traceless, antihermitean N x N matrices X a (t), t e 
(—00, +00), developping in time according to the equations 

X a = e a b c XbX c — mX a . (1) 

The stationary points of this flow are representations of su(2), i.e. X a = 
m.J a , 

[Ja, Jb] = tabc-Jc ■ (2) 

The question is: given 2 such representations, p + and p_, under which 
circumstances do there exist solutions X a (t) of (1) approaching the 
representation p + as t — > +00 and (being conjugate to) p_ as t — > —00 ? 

Denoting the space of such solutions by -M(p_, p+), Kronheimer [10], 
in parts building on work of Slodowy [9], proved that 

M{p-,p+)=M{p-)CiS{p+), (3) 

where the r.h.s. is well known from singularity theory related to Lie 
algebras [9]. In the main part of this lecture, based on joint work with 
C. Bachas and B. Pioline (see [11]; in particular concerning the physical 
relevance of (1), (3)) I will discuss (3): 
Take 

h= (o -°i)'*=(o 0) (4) 

as generators of s£(2, C), the complexification of su(2); denote by H± : = 
p±(h), X± := p±(x), Y± := p±(y), the corresponding N x N matrices 
in the representation p±, i.e. satisfying the same commutation relations 
as those following from (4), 

[x, y] = h, [h, x] = 2x, [h, y] = -2y . (5) 

N(p±) is then defined as the orbit of Y± under the complexified gauge 
group, SU(N) C = SL(N,C)- 



while 



where 



mp^^igY-^lgeSLiNX)} (6) 



S(X+ )=Y+ +Z(X + ) (7) 

(-) (-) (-) 



Z{X + ) := {A e s£(N, C) I [A, X + ] = 0} (8) 



is the centralizer of X + , 

(-) 

Example (N = 3): 
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Let p- be the irreducible 3- dimensional representation of su(2), and 
p + = 2 © 1 the direct sum of the irreducible 2-dimensional one, and the 
trivial 1-dimensional (putting all J a — 0). Then one has 



y_ = 




x 4 









o N 


1 














o / 





1 


















H_ = 
In this example, 

S(P+) - 









H 4 



1 




-1 










(9) 




a, b, e, c G C 



(10) 



as can be found either by a simple explicit computation, or using the 
general fact that s£(N, C) decomposes, under the adjoint action of p + 

into irreducible representation spaces of s£(2,C), each of which con- 
tains exactly one 1-parameter family of elements of ZiX + ); in the 

above case, s£(3, C) decomposes, under the action of (Y + = E 2 i, X + = 
E 12 , H + = E u — E22) into one 3-dimensional representation space (p + 
itself, contributing C • X + to Z(X + )), two 2-dimensional 
ones: spanned by E 2 z and [E 12 ,E 2 3\ = E 13 e Z(E 12 ), resp. E 3 i and 
[Ei2,E 3 i] = —E32 G Z(E 12), and one 1-dimensional one (C- (E n +E 2 2 — 
2E 33 ) G Z(Ei2)). Instead of computing Af(p-) explicitly, A/"(p-)fl5'(p + ) 
can, in the above example, be determined by simply demanding s 3 = 
0, s 2 7^ for the elements in (10); this gives b = —3a 2 , ec = 8a 3 , i.e. 

(11) 




According to (3), Ai(p^, p + ) is therefore the 4-dimensional (singular) 
space (11). Let me now sketch (part of) the proof of (3) (cp [10]): One 
first 'gauges' (1) by introducing a 4-th traceless, antihermitean, N x N 
matrix, X , and going over to the equations 

X a + [X , X a \ = \ e abc [X b , X c \ - mX a . (12) 



-1 T-TTT-1 ( 13 ) 
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Due to their invariance under 

x a ^x a = u(t)x a u-\t), 

X ^X = UX Q U- l -UU 

a solution X a of (1) may be obtained from a solution X a of (12) by 
choosing U in (13) such that X = 0. (12) is then split into one complex 
equation (from now on, m — 2) 

$ + 2p + 2[a,p] = 0, (14) 

and one real equation, 

j t (a + a*) + 2(a + a r ) + 2[a, a f ] + 2[/3, ft] = . (15) 

Due to a := |(^o — ^3) an d /3 : = — \{X\ + iX 2 ) no longer having to 
obey any (anti)hermiticity conditions, the gauge-invariance of (14) is 
enhanced to complex (!) gauge transformations 

a — > g&g~ 1 — \gg~ 1 

ge SL(N,C) (16) 

Kronheimer [1] then proved that any solution of (14) (with the required 
boundary conditions) is gauge equivalent to 

a-(t) = \h_, (3_(t)=Y_ forte (-00, 0] 

a + (t) = l -H + , P + (t)=Y + + e~ 2t e- tadH +Z + 

for t e [0, +00) , (17) 

with Z + G Z(X + ). Stated the other way round (actually may be 
replaced by any finite time, in (17)): for any given solution (a,/3) of 
(14) there exist g + and g_ (approaching the identity, resp. a constant 
group element, at t — +00, resp. t = — 00) such that, for any finite t, 

(3 = g-\Y + + e-^ +adH ^Z + )g + 

2a = g-'H +g+ + g- l g + (18) 

AND 

P = gZ x Y-g- 
2a = gZ 1 H-g- + gZ 1 g-. 
This means that for any finite t, 

Y + + e - {2+adH + )t Z + , (19) 

which is G S(p + ), must be gauge-equivalent to Y_, i.e. must be G 
Af(p-). Putting t — 0, and assuming (proved in [10]) that the gauge- 
invariance can always be used to satisfy (15), this gives the desired 
correspondance between solutions of (1), interpolating between p_ and 
p+, and (Y + +Z(X + ))r\Af(Y_). Letting * -> +00, while noting that (2 + 
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adH + ) is strictly positive Q on Z(X+), one finds that Y + (hence J\f(p + )\) 
must actually be contained in the closure of M{p~) (for M.[p_ ) p + ) to 
be non-empty). If this condition is fulfilled, the dimension of A4, due 
to S + and M- meeting transversely, can be computed as follows: 

dim^+HA/l) (20) 

= dim S+ + dimA/1 - dim(S+ n M-) 

= dim S + — dim 5_ . 

As a general NxN SU(2) representation is a direct sum of irreducible 
ones, 

jeN/2 

with dim [7] = 2j + 1 G N, p± correspond to partitions P± of N, hence 
are associated to Young-tableaux('s) T±, the number of boxes in row 
k corresponding to the dimension of the fc's representation in (21), 
- having ordered them with the largest [j] first. The condition that 
N{g + ) C Af(g~) then translates (see e.g. [45, 11]) into the condition 
that, for each p = 1, 2, . . . , the number of boxes contained in the first p 
columns must not decrease (when going from T_ to T + ). Another way 
to state the same condition is to compare the null-spaces of powers of 
Y- to those of Y + (which, for each given power, must not decrease). 



*in the previous example one would have 

X+ 2X+ 

r tt Tp p ^13 1 _ 1 • £13 

£/ 32 1 • El32 

En + E22 — 
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Excercise 7: In [44] it has been shown that if Xj = d± fj d 2 — d 2 fj d\ 
(j — 1, ... ,5) are 5 divergence- free vectorfields, their totally antisym- 
metrized product s§(Xi, . . . ,X 5 ) will, in contrast with all other M- 
commutators (M > 2), again be a (generally non-zero) divergence- free 
vector-field, and 

ads 5 (X 1 , . . . , X 5 ) = s 5 (adX 1 , . . . , adX 5 ) , 

as well as 

5 

s 5 (Xi, . . . , X 5 )] = ^2 s 5(Xi, . . . , Xj-i, [X, Xj],X j+ i, . . . , X 5 ) ; 

3=1 

correspondingly one may define 

difi d 1 f 2 dj 3 dift dif 5 
d 2 fi d 2 f 5 



{fi, ■ ■ ■ , ^5)5 



df 2 A 
dlh 



d 2 12 h 
d 2 2 h 



for functions on T 2 , with {. . . }s and the ordinary Poisson-bracket 
{/> 9} := dif d 2 g—d 2 f d\g satisfying various (mixed) identities, - which 
will be quite relevant for the understanding of 2- and 5-branes in M- 
theory. 

Conjecture (Approximation of 5-commutator of functions by 5- 
commutator of matrices): 

Let 7(m 1? ... , m 5 ) be defined via 

{/™ 1 .---./^}5 = 7(^---^5)e i S?=i^, 

= e ir ™^, and T- := w ^ mim2 g mi h m2 (with w,g,h as in II (55); 
M — 1 for simplicity); then, as N — > 00, 

...,T^) = C N ^(m 1 , . . . ,m 5 )T E ^ (l + (1 
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